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We investigate the effect of the cuspiness of scalar potentials on the production of gravitational
waves during oscillon formation after inflation. We consider a more general form of potentials
with a mass parameter M , which repoduce cuspy potentials for fields much larger than M , and
smooth potentials in the opposite limit. For cuspy potentials, nonsmooth oscillations of the inflaton
induce an amplification of the inflaton fluctuations at the bottom of the potential, so that oscillons
copiously form, which leads to a significant stochastic gravitational wave background with a double-
peak spectrum. By varying the parameter M , we find that cuspy potentials yield stronger signals
of gravitational waves and the generation of gravitational waves disappears for smooth potentials.
Moreover, we calculate the equation of state after inflation and find the presence of a quasi matter-
dominated stage right before the transition to the radiation-dominated stage.
I. INTRODUCTION
Gravitational waves (GWs) play a distinctive role in
the context of inflationary cosmology. A stochastic back-
ground of GWs, produced during inflation and subse-
quent preheating/reheating process after inflation, car-
ries useful information about the inflationary dynamics
and inflaton decay (see [1] for a recent review). Detecting
such a stochastic background of GWs, either directly or
indirectly, can provide us with a unique opportunity to
test the inflationary scenario.
During inflation, quantum fluctuations of the scalar
and tensor modes of the spacetime metric were stretched
by the accelerated expansion of the Universe, and were
then nearly frozen on super-Hubble scales. In the stan-
dard single-field slow-roll inflationary scenario, the am-
plitude of the power spectrum of primordial tensor per-
turbations (i.e., GWs) produced during inflation depends
on the energy scale of inflation [2, 3]. Since such GWs
can result in the B-mode polarization of the cosmic mi-
crowave background (CMB) anisotropies, their spectrum
is, in principle, measurable by future CMB polarization
experiments. Although primordial GWs have not been
detected yet, the upper limits on the tensor spectrum
(quantified by the tensor-to-scalar ratio r) have helped
us to discriminate inflationary models. Current CMB
data alone already put an upper bound on the tensor-to-
scalar ratio r < 0.09 at 95% confidence level [4], which
have been effective in discriminating inflationary models
in combination with the constraints on the scalar spec-
tral index. The Planck 2018 result is further tightened by
combining with the BICEP2/Keck Array BK14 data to
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obtain r0.002 < 0.064 [5]. For example, the models with
cubic and quartic potentials are strongly disfavored, and
the quadratic potential is moderately disfavored by the
Planck 2015 data [6], while the axion monodromy infla-
tion with a linear potential [7] or fractional powers [8] are
compatible with the current Planck results. Further ad-
vances in the axion monodromy inflation have suggested
potentials with even more possible powers [9, 10]. More-
over, it has recently been shown in [11] that stringy effects
can lower the power of a quadratic axion monodromy po-
tential to less than linear. Thus, the axion monodromy
inflation represents an interesting class of large-field infla-
tionary models that are compatible with the CMB data.
In the inflationary scenario, another source of GWs
is parametric resonance during preheating after infla-
tion [12]. During preheating, the Fourier modes of a
scalar matter field χ coupled to the inflaton grow ex-
ponentially by parametric resonance, driven by the oscil-
lating inflaton. The modes are quickly pumped up to a
large amplitude. Such highly pumped modes correspond
to large, time-dependent density inhomogeneities in con-
figuration space, ensuring that the matter distribution
has a non-trivial quadrupole moment, which can source
significant GWs [13]. It is found that the present peak
frequency of such GWs is proportional to the energy scale
of inflation, while the present amplitude of GWs is inde-
pendent of the energy scale of inflation [14, 15]. If the
inflaton is nonminimally coupled to the curvature, the
coupling can enhance the peak value of the GW spec-
trum produced during preheating [16, 17]. In hybrid
inflation, since the energy scale ranges from the GUT
scales down to the TeV scale, the stochastic background
of GWs produced during preheating is expected to be
directly detected by future GW detectors [18, 19].
Oscillons, localized non-topological quasi-solitons, can
be generated during preheating [20–27] when the scalar
potential satisfies the “opening up” condition [28]. In the
oscillon preheating scenario, a stochastic background of
GWs is produced when the oscillons are forming. For a
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2symmetric smooth potential, the GW production is not
significant [29], while for an asymmetric smooth poten-
tial, oscillons can generate a peak in the energy spectrum
of GWs, which lies above the expected sensitivity cure
of the fifth observing run of aLIGO-Virgo detector net-
work [30–32]. Recently Ref. [33] showed that the dom-
inant, growing high frequency peak in the asymmetric
smooth potential is a numerical artifact by using pseudo-
spectral algorithms for numerical evaluation. In models
with a cuspy potential, the nonsmooth oscillations can
trigger amplification of fluctuations of the inflaton itself
at the moment when φ(t) = 0, so that oscillons copiously
form during oscillations of the inflaton, which sources a
significant stochastic background of GWs [34]. Interest-
ingly, these cuspy potentials lead to a characteristic en-
ergy spectrum of GWs with double peaks, which can be
distinguished from smooth potentials by measuring the
shape of the energy spectrum of GWs.
In this paper we investigate the effect of the cuspi-
ness of the potentials on the production of GWs from
oscillons. A class of potentials is adopted to mimic the
cuspy potentials in the asymptotically smooth limit. We
find that the smoothness of the potentials near the point
φ(t) = 0 suppresses the energy spectrum of GWs. More-
over, we study the dynamics of oscillon formation and
calculate the equation of state (EoS) parameter before
radiation domination.
The paper is organized as follows. In Sec. II, we briefly
review the models we study in this paper. In Sec. III,
we describe our numerical algorithm for the evolution of
scalar fields and tensor perturbations in an expanding
Universe. In Sec. IV, we study the growth of linear per-
turbations with a semi-analytic method and present our
numerical studies of the nonlinear dynamics. In Sec. V,
we calculate the energy spectrum of GWs today. Sec. VI
is devoted to conclusions and discussions.
II. THE MODELS
We consider a single-field inflationary model in which
the inflaton is minimally coupled to gravity. The action
is given by
S =
∫
d4x
√−g
[
−M
2
pl
2
R+
1
2
∂µφ∂
µφ+ V (φ)
]
, (1)
where Mpl ≡ (8piG)−1/2 is the reduced Planck mass, R is
the Ricci scalar and φ is the inflaton. The Planck team
discussed inflationary models with cuspy potentials of the
following form in Ref. [6]
V (φ) = λM4−ppl |φ|p, (2)
with p = 1, 2/3, 2/5.
In string theory, space-filling wrapped branes intro-
duce an axion monodromy that leads to a linear poten-
tial [7]. Inflationary potentials proportional to φ2/3 and
φ2/5 arise in compactifications on manifolds with metric
flux such as Nil manifolds which contain tori twisted over
circles [8]. More generally, the monodromy generated by
fluxes can lead to inflaton potentials with more varieties
of powers [9, 10]. In the paper we hasten to add that
the powers of these potentials are expected only at large
field values, due to the coupling of the inflaton to high-
scale physics. At the end of inflation, i.e., for small φ,
these potentials for the axion monodromy typically be-
come quadratic. Nonetheless, cuspy potentials can arise
in other inflationary contexts, e.g., through non-standard
kinetic terms or as a result of integrating out the dynam-
ics of other fields coupled to the inflaton.
Assuming the potential in Eq. (2) applies to both the
inflationary stage and at the end of inflation, the pa-
rameter λ in this simple class of models can be fixed by
the estimated amplitude of scalar perturbations from the
CMB data. Assuming the number of e-folds N = 50, for
powers of p = 1, 2/3, 2/5, λ ≈ 3, 4, 5 × 10−10, the pre-
dicted scalar spectral index ns ≈ 0.970, 0.973, 0.976, and
the predicted tensor-to-scalar ratio r ≈ 0.08, 0.05, 0.03,
respectively. These predictions are consistent with the
recent CMB data [6]. In the preheating scenario, after
inflation the inflaton φ begins to oscillate around the min-
imum of its potential and ultimately decays into elemen-
tary particles in the standard model of particle physics.
However, for a cuspy potential, the oscillating behavior of
the inflaton is very different from that of smooth poten-
tials like φ2 and φ4. It is found that an efficient paramet-
ric resonance can occur during preheating for an inflaton
potential (2) with 0 < p ≤ 2, if the inflaton couples to a
scalar matter field χ via an interaction term φ2χ2 [35].
Recently, the production of GWs has been studied during
oscillations of the inflaton after inflation with the cuspy
potentials [34]. The nonsmooth oscillations can trigger
amplification of fluctuations of the inflaton itself, so that
oscillons copiously form, which leads to a characteristic
energy spectrum of GWs with double peaks.
To investigate the effect of the cuspiness of the poten-
tials (2) on the production of GWs, we turn to a more
general form of potentials
V (φ) =
m2M2
p
[(
1 +
φ2
M2
)p/2
− 1
]
, (3)
with an extended parameter M . When φ/M is large,
the potentials can be approximated by (2), while when
φ/M is small, the potentials become smooth near the
minimum (see Fig.1).
In a Friedmann-Robertson-Walker Universe the Fried-
man equation and the equation of motion of the scalar
field are
H2 =
1
3M2pl
〈
1
2
φ˙2 +
1
2a2
(∇φ)2 + V (φ)
〉
, (4)
φ¨− 1
a2
∇2φ+ 3Hφ˙+ dV
dφ
= 0 , (5)
3V(ϕ)
V(ϕ)
FIG. 1: Potentials (2) with p = 1 (blue), p = 2/3 (orange),
p = 2/5 (green) in the top panel, and the p = 1 potentials (3)
with M = 0.001 (blue), M = 0.01 (orange) and M = 0.03
(green) in the bottom panel.
where 〈...〉 denotes a spatial average over the volume,
overdots denote derivatives with respect to the cosmic
time t, H ≡ a˙/a is the Hubble parameter and ∇ is the
spatial gradient. GWs are described by the transverse-
traceless gauge-invariant tensor perturbations hij , i.e.,
hii = 0 and h
i
j,i = 0. The equation of motion of hij is
given by the linearized Einstein equation
h¨ij + 3Hh˙ij − 1
a2
∇2hij = 2
M2pla
2
TTTij , (6)
where TTTij is the transverse-traceless (TT) projection of
the anisotropic stress tensor Tij . In this paper we as-
sume the inflaton is weakly coupled to other fields dur-
ing preheating. Actually GWs are sourced mainly by the
inflaton fluctuations, even if a parametric resonance for
a matter field χ occurs in this model. Although broad
parametric resonance leads effectively to a fast growth of
the fluctuations of χ if the inflaton is coupled to the field
χ, our numerical simulations confirm that the growth of
the inflaton fluctuations themselves triggered by the cusp
in its potential is more effective than that of the field χ
by parametric resonance. The anisotropic stress tensor
takes the form
Tij = ∂iφ∂jφ− 1
3
δij∂
kφ∂kφ . (7)
The energy density of GWs is given by
ρGW =
M2pl
4
〈h˙ij h˙ij〉 . (8)
It is convenient to introduce the dimensionless energy
spectrum of GWs, which is defined by
ΩGW ≡ 1
ρc
dρGW
d ln k
, (9)
where ρc ≡ 3M2plH2 is the critical density of the Universe.
III. NUMERICAL ALGORITHMS
To obtain the energy spectrum of GWs produced dur-
ing preheating, one needs to solve numerically the equa-
tions of motion of interacting scalar fields and tensor per-
turbations in an expanding Universe. A number of codes
have been developed to calculate the signal of GWs, in-
cluding the hybrid method, configuration-space method,
Green’s function method and pseudo-spectral method.
• Hybrid method. The scalar field equations (5) are
solved in configuration space while the GW equa-
tions (8) are solved in Fourier space by using fourth
order Runge-Kutta integrator [36].
• Configuration-space method. One first evolves
both the tensor perturbations and scalar fields
in configuration space, and then applies the
transverse-traceless projector to the real physical
hij in Fourier space [19].
• Green’s function method. The Green’s function
for the tensor perturbations hij is constructed in
Fourier space to directly calculate the energy spec-
trum of GWs [37]. It is assumed that the modes
of tensor perturbations are well inside the Hubble
horizon.
• Pseudo-spectral method. Both the tensor pertur-
bations and scalar fields are evolved in Fourier
space by using sencond/fourth order Runge-Kutta
integration scheme [29]. The nonlinear terms in the
potential and its derivatives are computed by first
converting the fields into configuration space, and
then taking the inverse transform back to Fourier
space.
The first three methods are based on LAT-
TICEEASY [38] that uses the finite-difference method
to compute spatial derivatives of the scalar fields and
the staggered leapfrog algorithm to compute time deriva-
tives, while the last one is based on PSpectRe [39]
that uses the Fourier-space pseudo-spectral method to
evolve the scalar fields. In our simulations we adopt the
configuration-space method for solving the following evo-
lution equation of the tensor perturbations in configura-
tion space
u¨ij + 3Hu˙ij − 1
a2
∇2uij = 2
M2pla
2
Tij . (10)
4The source term is treated as an interaction term of hij
with the scalar field. To avoid calculating the TT com-
ponents at every step of the simulations, we have defined
a new quantity uij in (10). Thus, the TT tensor pertur-
bations can be written as
hij(t,k) = Λij,lm(kˆ)ulm(t,k), (11)
where the TT projection operator Λij,lm(kˆ) is defined by
Λij,lm(kˆ) ≡ Pil(kˆ)Pjm(kˆ)− 1
2
Pij(kˆ)Plm(kˆ), (12)
with Pij ≡ δij − kˆikˆj , and ulm(t,k) is the Fourier trans-
form of the solution to Eq. (10). Similar to the equation
of motion of the scalar field, we thus can evolve Eq. (10)
in configuration space using LATTICEEASY and obtain
hij in Fourier space at any moment of the evolution by
Fourier transform and TT projection. In terms of uij ,
the energy density of GWs (8) can be expressed as [19]
ρGW =
M2pl
4L3
∫
d3kΛij,lm(kˆ)u˙ij(t,k)u˙
∗
lm(t,k) . (13)
Then the energy spectrum of GWs (9) becomes
ΩGW =
M2plk
3
4L3ρc
∫
dΩ Λij,lm(kˆ)u˙ij(t,k)u˙
∗
lm(t,k) . (14)
For this work we use a GPU-accelerated code based on
OPENACC, a performance-portable parallel program-
ming model designed for scientists and engineers. The ex-
pansion rate of the Universe is calculated self-consistently
from spatially averaged energy density. When the ho-
mogeneous field modes fragment into higher momentum
modes, second-order effects cannot be neglected and thus
the evolution of the nonlinear interaction has to be solved
by lattice simulations. We perform three-dimensional lat-
tice simulations with 2563 points in a box with periodic
boundary conditions. The size of the box L and the num-
ber of grid points per edge N are in principle chosen ac-
cording to the physical features of the model. In our
simulations, the box size is chosen to be the resonance
wavelength, which is smaller than the Hubble horizon,
so that the interesting wavelengths such as the physical
peaks in ΩGW are located comfortably in between the
largest wavelength L and the smallest wavelength L/N .
Initial conditions need to be set for the lattice calcula-
tions. We set the initial values of the field as φi = 1Mpl
for p = 1 and φi = 0.4Mpl for both p = 2/3 and 2/5.
Their derivatives determined by the inflation attractor
are given by φ˙i = −0.5M2pl for both p = 1 and 2/3, and
φ˙i = −0.35M2pl for p = 2/5. The initial values of the field
fluctuations δφi and field derivative fluctuations δφ˙i are
obtained from quantum vacuum fluctuations [40] while
the tensor perturbations and their derivatives are initial-
ized as zero. We set the scale factor ai = 1 at the initial
moment of the simulation. In our package, the rescaled
variables are used to reduce numerical errors,
φ˜ =
φ
φi
a6/(2+p) , (15)
dt˜ = dt
√
λM4−ppl φ
p/2−1
i a
(6−3p)/(2+p) , (16)
κ =
k√
λM4−ppl φ
p/2−1
i
. (17)
For p < 2, the amplitude of oscillations of φ decreases
and its period decreases as the Universe expands, while
the amplitude of oscillations of φ˜ is invariant in the linear
stage, which makes the program more stable.
IV. DYNAMICS
A. Linear Analysis
For small fluctuations around a homogeneous field
φ(t,x) = φ¯(t) + δφ(t,x). After inflation, the field begins
to oscillate around the minimum of its potential. In the
linear analysis, each Fourier mode of fluctuations evolves
independently and thus the fluctuation equation can be
numerically solved as an ordinary differential equation.
For the model (2) with p < 1, which we shall refer to as
the infinite cuspy model, we have to deal with a diverg-
ing dV/dφ¯ near φ¯ = 0. To avoid the singularity of dV/dφ¯
at φ¯ = 0 in the linear analysis, we set M = 0.001Mpl in
the model (3) to approximate the model (2). As we shall
see, if M is smaller than a threshold related to the initial
conditions for φ¯, the simulation results are independent
of the value of M . The rescaled time tpr ≡ tMpl/
√
λ
and rescaled wavenumber k/
√
λMpl are used so that the
period of field oscillations and wavenumber of resonant
modes are O(1). The equation of motion of the homo-
geneous field can be solved independently assuming field
fluctuations have little effect on it. Hence the Hubble
parameter is calculated from the energy density of the
homogeneous field when the equation of motion of fluc-
tuations is solved in an expanding Universe. The lin-
ear approximation is valid until the field oscillates O(10)
times. As an illustration, in linear analysis we choose
φ¯i = 1Mpl and
˙¯φi = 0 as the initial conditions for the
homogeneous field. The evolution of fluctuations is plot-
ted in Fig. 2 in terms of ρk/ρk,i so that these results are
independent of the initial conditions for δφ and δφ˙. Here
the energy density spectrum of the field is defined as
k3ρk =
1
2
k3
[|∂τ (aδφk)|2 + ω2k|aδφk|2] , (18)
where ω2k = k
2 + a2〈Vφφ〉 − ∂2τa/a, δφk is the Fourier
modes of δφ and τ is the conformal time.
We now begin with the linear analysis for the evolu-
tion of fluctuations. When φ¯ approaches the minimum
of the potential, the effective mass changes rapidly and
50 5 10 15 20
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FIG. 2: Evolutions of ρk for the cuspy potentials (2) with p = 1 (blue), p = 2/3 (orange) and p = 2/5 (green) in Minkowski
space (left panel) and an expanding Universe (right panel).
the adiabatic approximation becomes invalid. The non-
adiabatic production of particles occurs only near φ = 0
in the p = 1 case while the tachyonic growth of fluc-
tuations persists continuously in the p < 1 case. The
equation of motion of δφ in Fourier space reads
¨δφk +
k2
a2
δφk + 3H ˙δφk +
d2V
dφ¯2
δφk = 0 . (19)
The oscillations of φ¯ are periodic if the expansion of the
Universe is neglected. According to the Floquet theory,
Eq. (19) has a general solution
δφk = Pk+(t) exp(µkt) + Pk−(t) exp(−µkt) , (20)
where Pk± are periodic functions that are determined by
the initial conditions and µk are the Floquet exponents.
If the real part of µk is nonzero, i.e., Re(µk) 6= 0, δφk is
unstable and fluctuations grow exponentially.
We now focus on the p = 1 case. As φ¯ crosses the min-
imum of the potential, a finite sudden change of dV/dφ¯
takes place. Thus this case is referred to as the finite
cuspy model. In the p < 1 case, the difference between
dV/dφ¯ of two branches diverges, so we call it the infinite
cuspy model, which will be discussed later. Integrating
Eq. (19) over an infinitesimal integration interval con-
taining the time when φ¯ crosses the minimum, we find
a sudden change of δφ˙k takes place. To understand the
evolution of fluctuations in the infrared region, it is con-
venient to consider the case in which the period of δφk is
much longer than that of φ¯. We neglect the expansion of
the Universe for the moment and thus the friction term
drops out of the equation of motion. Assuming k = 0
Eq. (19) is simplified to
δφ¨+
d2V
dφ¯2
δφ = 0 , (21)
In the p = 1 case the derivative of the potential with re-
spect to φ¯ is a step function and its second order deriva-
tive is a delta function. Since ˙¯φ can be approximated by
the maximum value of ˙¯φ in a small vicinity of φ¯ = 0, the
sudden change of δφ is quantified as
∆δφ˙ = −Kδφ ,
K ≡ 2λM
3
pl
| ˙¯φm|
,
(22)
where ˙¯φm is the maximum value of
˙¯φ at φ¯ = 0. δφj
represents the value of δφ shortly before the jth sudden
change. Since δφ˙ is invariant between two adjacent sud-
den changes, the relationships between δφj+1, δφ˙j+1, δφj
and δφ˙j are
δφj+1 = δφj + Tδφ˙j+1 , δφ˙j+1 = δφ˙j −Kδφj , (23)
where T denotes the time interval between two adjacent
sudden changes. We have T = |2 ˙¯φm|/λM3pl, and K =
4/T . The general solution of δφj is
δφj = (−1)1+j
[
j(2δφ1 − Tδφ˙1) + Tδφ˙1 − δφ1
]
, (24)
which indicates that δφj increases linearly with j when φ¯
begins to oscillate around the minimum of its potential.
Taking the expansion of the Universe into consideration,
the amplitude and period of φ¯ decreases due to the Hub-
ble friction. We find the amplitude is proportional to t−2
and the period is proportional to t−1. The amplitude of
fluctuations increases as t2. Nonzero modes of fluctua-
tions will begin to grow exponentially soon. From Fig. 2
we can see that the period of fluctuations decreases in
the expanding Universe.
To investigate the evolution of nonzero modes of fluc-
tuations, a semi-analytical method and numerical simu-
lations are applied. If the k mode of fluctuations lies in
the resonance band, Re(µk) 6= 0 means the mode grow
exponentially. We firstly estimate the value of km corre-
sponding to the maximum of |Re(µk)|. Intuitively, if the
natural period of δφ, which is the period in the absence of
the source term in (19), coincides with the period of the
source term, δφ will increase exponentially. As expected,
each sudden change of δφ˙ can effectively transfer energy
into fluctuations. From (22) we see that the maximum
of ∆δφ˙ at the sudden change corresponds to the maxi-
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FIG. 3: Resonance strength |Re(µk)| as a function of k and φ¯i for the cuspy potentials (2) with p = 1 (top-left panel), p = 2/3
(top-right panel), p = 2/5 (bottom-left panel) and the potential (28) (bottom-right panel).
mum of δφ. Moreover, the sign of δφ˙ does not change at
the sudden change. For the km mode, when φ¯ reaches
the minimum of the potential, |δφ| reaches its maximum,
|δφm|, and δφ˙ = 0. There are infinite k modes which
satisfy the condition. Among them the smallest k corre-
sponds to the maximum of |Re(µk)| because the ampli-
tude of δφ is larger for smaller k with the same ρk, which
is consistent with our numerical results in Fig. 3. The
time interval between two adjacent sudden changes can
be estimated by a quarter of the natural period of δφ,
i.e., pia/2k. In this case it is equal to half of the period
of φ¯. Thus km reads
km =
λM3plpia
4| ˙¯φm|
, (25)
where
| ˙¯φm| =
√
2λφ¯iM3pl
a . (26)
The maximum of |Re(µk)| is
|Re(µk)|m = 8a
pi2
√
2λM3pl
φ¯i
. (27)
The resonance strength |Re(µk)| in the p = 1 case is
plotted in the top-left panel of Fig. 3. We can see there
are some resonance bands and the first band is the dom-
inant one. Since the physical momentum is redshifted by
the expansion of the Universe, the modes with k > km,
which are stable at the beginning, gradually enter the
resonance band and ultimately exit the band. As the
Universe expands, the homogeneous field oscillates faster
and then the sudden changes take place more frequently.
Hence the modes of fluctuations, which enter the res-
onance band later, have larger Floquet exponents and
may exceed the modes in the first resonance band.
As for the infinite cuspy model, using numerical sim-
ulations, we plot |Re(µk)| in the top-right and bottom-
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FIG. 4: Evolutions of the EoS parameter ω for the cuspy potentials (2) with p = 1 (top-left panel), p = 2/3 (top-middle panel)
and p = 2/5 (top-right panel), and the evolutions of the corresponding energy density ρ in the bottom panel.
left panels of Fig.3. When φ¯ approaches φ¯ = 0, both
dV (φ¯)/dφ¯ and δφ˙ increase to infinity. When φ¯ crosses
φ¯ = 0, they suddenly change their signs and subsequently
their absolute values decreases. This leads to the diver-
gences of the energy density spectrum at the moment of
φ¯ = 0, as shown in Fig. 2. Interestingly, the expansion
of the Universe accelerates the growth of fluctuations be-
cause the amplitude of φ¯ decreases due to the Hubble
friction.
Actually, even if the potential contains an effective
mass term
V (φ) = λM3pl|φ|+ λ1M4−2qpl φ2q , (28)
our conclusions still hold. For example, the bottom-right
panel of Fig. 3 shows the resonance strength |Re(µk)| in
the model (28) with q = 1. Compared to the model (2)
with p = 1, from Fig. 3 we can see that the resonance
bands are shifted to small k and become narrow due to
the effective mass term. It means the resonance can oc-
cur even for the zero mode of fluctuations. Moreover,
the resonance strength is suppressed in the presence of
the effective mass term. We find that if the potential is
dominated by the effective mass term, after several oscil-
lations the linear term becomes dominant as φ¯ decreases.
Therefore, our analysis is still valid in the nonlinear stage.
B. Nonlinear dynamics
As linear fluctuations grows exponentially, the linear
approximation becomes invalid soon. We have to con-
sider the back-reaction from fluctuations, particle re-
scattering and condensate as described in Refs. [41, 42].
The EoS parameter can help us understand the non-
linear evolution of fluctuations, which is defined as
ω ≡ 〈P 〉〈ρ〉 =
〈φ˙2/2− (∇φ)2/6a2 − V (φ)〉
〈φ˙2/2 + (∇φ)2/2a2 + V (φ)〉 , (29)
where ρ and P are the energy density and pressure of
the field respectively. The top panels of Fig. 4 show
the time evolution of the EoS parameters. It can be
described by three successive phases. In the first phase,
the EoS parameter oscillates between −1 and 1. It is a
stage of linear parametric resonance, which we have an-
alyzed in Subsec. IV A. In the second phase from tbr to
tosc, the amplitude of ω oscillations decreases and ap-
proaches zero. It is a stage of nonlinear re-scattering, in
which the zero mode of fluctuations decays rapidly and
higher momentum modes grow rapidly. Such a phase is
more violent in the infinite cuspy models, compared to
the finite cuspy model. Moreover, the time average of ω
over oscillations is negative in the first two phases. In
the third phase, ω oscillations decay towards zero. Since
there is some energy stored in relativistic modes outside
oscillons, actually ω is not exactly zero. It is a stage of
oscillon formation, which we shall consider in the next
subsection.
The bottom panels of Fig. 4 show the evolution of the
energy density of the field. We can see that the time
average of the energy density over oscillations is well de-
scribed by a power law of a with index of (−6p)/(2 + p)
in the linear resonance phase. This is because the time
average of the EoS parameter is given by (p− 2)/(p+ 2)
when the field oscillates around of the minimum of its
potential with a power-law form [43, 44].
8FIG. 5: Snapshots of the energy density at the end of our simulations for the cuspy potentials (2) with p = 1 (top-left panel),
p = 2/3 (top-middle panel) and p = 2/5 (top-right panel), and for the potentials (3) with M = 0.01Mpl (bottom-left panel),
M = 0.02Mpl (bottom-middle panel) and M = 0.03Mpl (bottom-right panel) in the case of p = 1. The energy density contours
are taken at ρ = 20〈ρ〉.
C. Oscillon formation
The nonlinear evolution of fluctuations is followed by
oscillon formation and ultimately oscillons dominate the
Universe. The so-called oscillons are localized, compact
and long-living objects from the nonlinear solution of a
scalar field [28, 45–47]. Such oscillons can form during
preheating after inflation [20–27]. Analytic solutions of
stable oscillons in the one-dimensional signum-Gordon
model is obtained in Refs. [48, 49], in which the poten-
tial is the same as (2) with p = 1. Generally speaking,
oscillons can form if the scalar potential is quadratic near
its minimum and flattens away from it, i.e., the “opening
up” condition [28]. When oscillons are well-separated,
the oscillon field profile is approximately written as
φ(t,x) =
∞∑
n=1
Φn(x) cos(nωφt) , (30)
where Φn(x) are positive localized functions that fall off
quickly far from the center of oscillons. The profile is
oscillating at the frequencies of nωφ. The ansatz (30)
with n = 1 captures the dominant oscillating mode of
oscillons. The even order harmonics in (30) are absent
if the potential is symmetric under φ → −φ. Typically
oscillons last for millions of oscillations and then decay
through classical or quantum radiation [50]. Once oscil-
lon formation is completed, the energy stored in oscillons
is approximately constant until they decay. So the aver-
age energy density is proportional to the number density
of oscillons like a perfect fluid with ω = 0.
It is found in Ref. [29] that an isolated spherically-
symmetric oscillon does not radiate GWs and the GW
emission generated between oscillons is also small. There-
fore, the oscillon-dominated phase itself does not gener-
ate significant GWs. However, oscillon formation can
provide a significant GW source. We now simulate nu-
merically oscillon formation in the models of (2) and (3)
with different values of M .
Snapshots of the energy density are plotted in Fig. 5
at the moment when the energy density of GWs does
not grow significantly. The energy density in the colored
9region is larger than 20 times the average energy density.
From the top panels of Fig. 5 we can see oscillons with
different sizes form in the cuspy potentials. There are
more small-size oscillons produced in the infinite cuspy
models than in the finite cuspy model. As shown in the
bottom panels of Fig. 5, the number density of oscillons
is small in the case of M = 0.03Mpl, compared to the
cases of M = 0.01Mpl and M = 0.02Mpl. The parameter
M characterizes the smoothness of the potential around
the origin. Therefore, the cuspy potentials trigger more
oscillons than a smooth potential.
V. OBSERVATIONAL IMPLICATIONS
As expected, a stochastic background of GWs is gen-
erated during oscillations of the inflaton after inflation,
which can be detected by the future space-based or
ground-based interferometers. In this section, we shall
use the configuration-space method described in Sec. III
to numerically simulate the energy spectrum of GWs in
the models of (2) and (3). We stop the simulation when
the energy spectrum of GWs does not grow significantly.
The left panel of Fig. 6 shows ΩGW,e at the end of the
simulation in the cuspy potentials with p = 1 (red curve),
p = 2/3 (green curve) and p = 2/5 (blue curve), where
the subscript e denotes quantities evaluated at the end of
the simulation. Such cuspy potentials in general predict
the energy spectra with the same double-peak structure,
in which the right peak is slightly higher than the left one.
It seems difficult to distinguish these models by detect-
ing the energy spectra of GWs. Since the smoothness
of the potential (3) around the origin weakens oscillon
formation, the energy spectrum of GWs is suppressed in
the large M case, as shown in the right panel of Fig. 6.
When M ≤ 0.001Mpl, the predicted spectrum becomes
insensitive to the values of M . Therefore, the cuspy po-
tentials (2) are well approximated by the potentials (3)
with M = 0.001Mpl.
It is an interesting feature that in our models the pre-
dicted energy spectrum of GWs has double peaks, which
is very distinct from that of other models. Therefore,
our models can be distinguished from the production of
GWs produced from preheating by future GW detectors.
Recently, the production of GWs during parametric res-
onance is studied in standard preheating scenarios with
quadratic and quartic potentials [51]. For some choices of
the resonance parameter, one also finds a GW spectrum
with multiple peaks due to nonlinear effects [51]. How-
ever, in our models the double peaks are due to copious
oscillon formation and the shapes are independent of the
model parameters.
As discussed in [34], the left peak in the energy spec-
trum of GWs mainly arises from the rapid growth of fluc-
tuations in the linear stage. Fig. 7 shows the evolution
of the energy density spectrum of the field in the mod-
els (2) with p = 1 (left panel), p = 2/3 (middle panel)
and p = 2/5 (right panel), where
k3ωknk =
1
2
k3
[|∂τ (aδφk)|2 + ω2k|aδφk|2] . (31)
The evolution of the spectrum goes through three differ-
ent phases, i.e., linear growth, nonlinear re-scattering and
oscillon formation. In the first phase, the small-k modes
in the resonance bands exponentially grow due to the
cusp of the potential until the turning point a(t) = 7.30,
a(t) = 3.95 and a(t) = 3.56 for p = 1, p = 2/3 and
p = 2/5, respectively, so that the spectrum achieves a
peak at small k (see Fig. 7). This leads to the left peak
in the energy spectrum of GWs, which is characteristic
of the cuspy potentials. Due to the subsequent nonlinear
re-scattering the small-k modes begin to drop and the
large-k modes continue to grow until oscillons are prop-
erly formed. It implies that the energy flows from the
small-k modes to the large-k modes, as discussed in de-
tail in the standard preheating scenario [19]. The growth
of the large-k modes in the oscillon formation stage leads
to the right peak in the energy spectrum of GWs. As
expected, the forming of oscillons leaves imprints in the
energy spectrum of GWs. Our simulations indicate that
the frequency of the right peak in the energy spectrum of
GWs is twice the dominant oscillating frequency of oscil-
lons. This is argued as follows. The dominant oscillating
mode of the oscillon (30) reads
φ(t,x) = Φ1(x) cos(ωφt) . (32)
Since the source term in (10) contains only quadratic
terms of ∂iφ, it implies that the source term contains
two frequencies with 2ωφ and 0,
Tij ∼ cos(2ωφt) + 1 . (33)
The characteristic frequency with 2ωφ corresponds to the
right peak frequency of ΩGW. The energy spectrum of
GWs with zero frequency is highly suppressed from the
relation ΩGW ∝ k3. In principle, the source term con-
tains higher order harmonics of the oscillon. Compared
to the leading order mode, the higher order mode contri-
butions to ΩGW can be neglected.
In order to compare the predicted energy spectrum
with the sensitivity curves of the future detectors, let us
estimate the present value of ΩGW and the correspond-
ing frequency f . We define te as the time at the end
of the simulation, t∗ the time when thermal equilibrium
is established, t0 the present time, and g the effective
number of ultrarelativistic degree of freedom. Since the
energy density of radiation evolves as ρr ∝ g−1/3a−4, the
energy spectrum at the present time is related to that at
the end of the simulation as
ΩGW,0 = Ωr,0
(
g0
g∗
)1/3(
ae
a∗
)1−3ω
ΩGW,e , (34)
where Ωr,0 is the density fraction of radiation today, and
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FIG. 6: Energy spectra of GWs at the end of our simulations for the cuspy potentials (2) with p = 1 (red curve), p = 2/3
(green curve), p = 2/5 (blue curve) in the left panel, and for the potential (3) with p = 1 and different M in the right panel.
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FIG. 7: Evolutions of the energy density spectrum of the field for the cuspy potentials (2) with p = 1 (left panel), p = 2/3
(middle panel) and p = 2/5 (right panel). The yellow line corresponds to a turning point a(t) = 7.30, 3.95 and 3.56 for p = 1,
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ω is the effective EoS parameter between te and t∗. The
present value of frequency f is
f ' k
aeρ
1/4
e
(
g0
g∗
)1/12(
ae
a∗
)(1−3ω)/4
4× 1010 Hz . (35)
We assume that reheating is completed at the end of the
simulation. It means that ae = a∗. In our calculations,
we use g∗/g0 = 100.
As discussed in [14], if inflation happens at lower en-
ergy scales, the GW energy density will be diluted less by
the expansion till the present time. On the other hand,
lowering the energy scale of inflation leads to less effi-
cient sources of gravitational radiation during preheating.
These two effects roughly cancel each other and hence
the energy spectrum of GWs does not depend strongly
on the energy scale of inflation. Fig. 8 shows the energy
spectrum of GWs for different energy scales of inflation
with the cuspy potentials (2). As expected, the peak fre-
quency scales with the energy scale of inflation while the
amplitude is independent of this scale. Actually, the co-
moving wavenumber k in (35) can be estimated by
√
λ/φi
as discussed in Sec. IV. Therefore, reducing λ pushes the
signature towards lower frequencies.
However, in the smooth potential (3) with large values
of M , the energy scale of inflation affects the amplitude
of the energy spectrum of GWs. Field fluctuations are
initialized by quantum vacuum fluctuations in our simu-
lations, as described in Sec. III. The initial values depend
on the energy scale of inflation. Lowering the energy scale
leads to smaller initial values of fluctuations. As linear
fluctuations grow rapidly, the amplitude of field oscilla-
tions decrease. When φ < M , the growth of fluctuations
is suppressed by a quadratic potential. Therefore, the
energy spectrum of GWs is suppressed by a lower en-
ergy scale of inflation in the smooth potential (3) with
large values of M . For example, choosing M = 0.02Mpl
we find that the energy spectra of GWs peak at around
ΩGW,e ∼ 10−4 in the case of m = 1.22 × 10−4Mpl while
ΩGW,e ∼ 10−20 in the case of m = 1.22×10−10Mpl. This
differs from the cuspy models in which the amplitude of
the energy spectrum of GWs is independent of the energy
scale of inflation.
Since GWs are generated causally within the Hub-
ble volume at that time and simple inflationary models
typically happens at the GUT scale, the typical wave-
length of these GWs is considerably shorter than LIGO
scales. For example, in the single-field slow-roll infla-
tionary model (2) with p = 1, if λ ≈ 3 × 10−10 is fixed
by the amplitude of the primordial curvature perturba-
tions As = 2.2× 10−9, the peak frequency of GWs today
is fixed to be f ∼ 109 Hz, many orders of magnitude
beyond the frequencies that can be reached by ground-
based GW detection experiments. If the model param-
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FIG. 8: Energy spectra of GWs today for the linear potential with λ = 3× 10−20 (left) through to 3× 10−10 (right).
eter λ is not fixed by the amplitude of the primordial
curvature perturbations, advance LIGO (aLIGO) whose
sensitivity is expected to be significantly improved, al-
lows us to possibly observe GWs produced during oscil-
lations of the inflaton after inflation. For example, in
the hybrid inflationary scenario [52], λ becomes essen-
tially a free parameter because φ is not necessarily the
inflaton itself. In this case in Fig. 9 we have plotted
the present-day energy spectra of GWs produced dur-
ing oscillon formation in the linear potential model (2)
with λ = 1.88 × 10−43 (orange) and λ = 2.43 × 10−48
(green). We can see that the peaks lie above the ex-
pected sensitivity curve of the fifth observing run (O5)
of the aLIGO-Virgo detector network [53]. As shown in
Fig. 9, there are two peaks in the energy spectrum of
GWs, which differ from other spectra of GWs produced
during preheating. A detection of the second peak may
require corroboration from low-frequency GW detectors
such as the Big Bang Observatory.
In the hybrid inflationary scenario, the energy scale of
inflation ranges from the GUT scale all the way down to
the electroweak scale. Consequently, oscillon formation
generates a stochastic background of GWs with a typical
frequency today of the order of 10−3 − 109 Hz. Present
ground-based [53] detectors work at frequencies of 1−103
Hz and planned space-based GW detectors [54, 55] work
at frequencies of 10−3 − 1 Hz, which provide a possibil-
ity to detect low-frequency GW signals. It is proposed
in [56] that a coupling system between Gaussian type-
microwave photon flux, static magnetic field and fractal
membranes can be used to detect high-frequency GWs
in the microwave band. This opens a new window of
high-frequency GW detection.
VI. CONCLUSIONS AND DISCUSSIONS
We have investigated the effects of the cuspiness of the
potentials on the production of GWs in the oscillon pre-
heating scenario. For comparison we turn to the more
general form of the potentials (3), which can well ap-
proximate the cuspy potentials when φ/M is large. Our
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FIG. 9: Energy spectra of GWs today, predicted by the
linear potential with the energy scales of 3× 106 GeV (green)
and 3 × 107 GeV (orange). The black, red, and blue curves
are the expected sensitivity curves of BBO, DECIGO and
aLIGO-Virgo detectors, respectively.
simulations indicate that the predicted energy spectrum
of GWs becomes insensitive to the values of M when
M ≤ 0.001Mpl. We find the potential with a cusp at its
minimum yields stronger GW signals than smooth po-
tentials. Due to the cusp, the oscillating behavior of the
inflaton is different from that of smooth potentials. The
nonsmooth oscillations can trigger a significant amplifi-
cation of the field fluctuations, so that oscillons copiously
form, which leads to a significant GW signal. Moreover,
in the cuspy potentials the amplitude of the energy spec-
trum of GWs is independent of the energy scale of infla-
tion, while in the smooth potentials (3) with large values
of M , lowering the energy scale of inflation reduces power
in the energy spectrum of GWs today. By varying the pa-
rameter M , we find that cuspy potentials yield stronger
signals of gravitational waves and the generation of grav-
itational waves disappears for smooth potentials.
We have studied the dynamics of the oscillon preheat-
ing, which is described by three successive phases, i.e.,
linear parametric resonance, nonlinear re-scattering and
oscillon formation. In the first stage, the small-k modes
in the resonance bands exponentially grow due to the
cusp of the potential until the turning point. This leads
to the left peak in the energy spectrum of GWs. The
effective EoS parameter oscillates from −1 to 1. In the
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second stage, the energy flows from the small-k modes
to the large-k modes. The growth of the large-k modes
in the subsequent stage leads to the right peak in the
energy spectrum of GWs. The effective EoS parameter
tends to zero. It implies the Universe goes into a quasi
matter-dominated stage right before the transition to the
radiation-dominated stage.
In our analysis we have neglected the interactions be-
tween the inflaton φ and other matter fields. If a matter
field χ is coupled to the inflaton, broad parameter res-
onance actually leads to a fast growth of the χ fluctua-
tions. As found in Ref. [35], an efficient parameter reso-
nance can occur during preheating for a cuspy potential
with a coupling term 12g
2φ2χ2. However, our numerical
simulations confirm that the growth of the inflaton fluc-
tuations themselves triggered by the cusp in its potential
is more effective than that of the field χ by parametric
resonance. For example, if the coupling constant g is
chosen as g2/λ = 3× 104, 106, 108, 1010 in the cuspy po-
tentials (2), we find the field χ has little impact on the
evolution of the inflaton fluctuations and oscillon forma-
tion. Therefore, GWs are sourced mainly by the inflaton
fluctuations, even if a parametric resonance for the field
χ occurs in our models.
Oscillon formation is completed at the end of the simu-
lation. After that the oscillons survive until the Universe
is heated due to their decay. Since density perturba-
tions grow in the oscillon-dominated phase, the collapse
of oscillons can lead to copious production of primordial
black holes [57]. The dynamics of the latter can provide
yet another source of GWs.
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